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Abstract
Let EG be a polystable principal G-bundle over a compact connected Kähler manifold, where G is a complex re-
ductive group, and ρ :G → H a homomorphism to another complex reductive group. We give a sufficient condition
under which the principal H -bundle obtained by extending the structure group of EG using ρ is stable.
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1. Introduction
Let (M,ω) be a compact connected Kähler manifold and G a connected reductive linear algebraic
group defined over C. Let EG be a polystable principal G-bundle over M (the definition is given in
Section 2). Take a homomorphism of algebraic groups
ρ :G → H
where H is also connected reductive. Let EH denote the principal H -bundle obtained by extending the
structure group of EG using ρ. If ρ takes the connected component of the center of G inside the connected
component of the center of H , then EH is polystable [1, p. 224, Theorem 3.9]. When M is a projective
variety, this was proved earlier in [3] (see [3, p. 285, Theorem 3.18]).E-mail address: indranil@math.tifr.res.in (I. Biswas).
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definition).
A polystable vector bundle over M admits a unique Einstein–Hermitian connection [7]. More gen-
erally, a polystable principal G-bundle EG, with G as above, admits a unique Einstein–Hermitian
connection. Using the holonomy of the Einstein–Hermitian connection on EG it is possible to construct
a holomorphic reduction of structure group of EG to a certain reductive subgroup of G. The reductive
subgroup in question, which depends on EG, is the Zariski closure of the holonomy group. This reduction
of structure group has the property that it behaves well with respect extension of structure group. This
enables us to give a condition under which the above H -bundle EH is stable.
We prove that EH is stable if the image in H of the reductive subgroup of G for EG is not contained
in any proper parabolic subgroup of H (Theorem 4.1). In particular, we have the following corollary.
If EG does not admit any reduction of structure group to any proper reductive subgroup of G, and
ρ(G) is not contained in any proper parabolic subgroup of H , then EH is stable. (See Corollary 4.2.)
2. Preliminaries
Let M be a compact connected Kähler manifold of complex dimension d . Fix a Kähler form ω on M .
For any torsionfree coherent analytic sheaf F on M define the degree of F to be
degree(F ) :=
∫
M
c1(F )
d−1ω.
The quotient degree(F )
rank(F ) is called the slope of F , and it is denoted by µ(F). We recall that F is called stable
(respectively, semistable) if for any coherent subsheaf F ′ ⊂ F with 0 < rank(F ′) < rank(F ) the inequal-
ity µ(F ′) < µ(F) (respectively, µ(F ′) µ(F)) holds [2]. A semistable sheaf F is called polystable if it
is a direct sum of stable sheaves of same slope.
Let G be a connected complex Lie group. Let EG be a holomorphic principal G-bundle over M . So
EG is a holomorphic fiber bundle over M equipped with a holomorphic right action of G such that for
each point x ∈ M the fiber (EG)x is preserved by the action of G, and furthermore, the action of G on
(EG)x is free as well as transitive.
Let ρ :G → H be a homomorphism to another complex Lie group H . Then the quotient
(2.1)EH := (EG × H)/G
is a holomorphic principal H -bundle; here the action of any g ∈ G sends a point (z, h) ∈ EG × H to
(zg,ρ(g−1)h). We say that EH is obtained by extending the structure group of EG using ρ. Let H1
(respectively, H2) be a complex (respectively, real) Lie subgroup of G. A holomorphic (respectively,
smooth) reduction of structure group of EG to H1 (respectively, H2) is a holomorphic (respectively,
smooth) section of the fiber bundle EG/H1 (respectively, EG/H2) over M . Not that if σ1 (respectively,
σ2) is a section of EG/H1 (respectively, EG/H2) and p1 (respectively, p2) the projection of EG/H1 (re-
spectively, EG/H2) to M , then σ−11 (p1(M)) (respectively, σ−12 (p2(M))) is a holomorphic (respectively,
smooth) principal H1-bundle (respectively, H2-bundle) over M .
Let G be a connected reductive linear algebraic group defined over the field of complex numbers.
A connected algebraic subgroup P ⊂ G is called a parabolic subgroup if the quotient G/P is compact.
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cipal P -bundle over G/P . Therefore, a character χ of P defines a holomorphic line bundle χˆ over G/P .
In other words, the line bundle χˆ corresponds to the principal C∗-bundle obtained by extending the struc-
ture group, using χ , of the P -bundle. A character χ of a parabolic subgroup P is called antidominant if
dimH 0(G/P, χˆ) > 0.
If F is a coherent analytic sheaf defined on a dense open subset U ⊂ M such that the complement
M \U is a complex analytic subspace of complex codimension at least two, then the direct image ι∗F is
a coherent analytic sheaf on M , where ι :U ↪→ M is the inclusion map. For such a sheaf F define
degree(F ) := degree(ι∗F).
A holomorphic G-bundle EG over M is called stable (respectively, semistable) if for every triple
(P,U,σ ), where
(1) P  G is a proper maximal parabolic subgroup,
(2) U ⊂ M is a dense open subset such that the complement M \ U is a complex analytic subspace of
complex codimension at least two, and
(3) σ :U → EG/P is a holomorphic reduction of structure group to P over U ,
the inequality degree(σ ∗Trel) > 0 (respectively, degree(σ ∗Trel) 0) holds, where Trel is the holomorphic
relative tangent bundle for the projection EG/P → M (or equivalently, the kernel of the differential of
the projection).
We note that EG is stable (respectively, semistable) if and only if for every triple (P,U,σ ) as above
type with P any proper parabolic subgroup not necessarily maximal, and for every nontrivial antidomi-
nant character χ of P trivial on the center of G we have
degree
(
EP (χ)
)
> 0
(respectively, degree(EP (χ)) 0), where EP (χ) is the holomorphic line bundle over U associated, for
the character χ , to the holomorphic principal P -bundle EP over U defined by the reduction σ [4, p. 131,
Lemma 2.1].
For a holomorphic principal GL(n,C)-bundle EGL(n,C) over M let EV denote the holomorphic vector
bundle of rank n over M associated to EGL(n,C) for the standard representation of GL(n,C) in Cn. The
GL(n,C)-bundle EGL(n,C) is stable (respectively, semistable) if and only if the vector bundle EV is stable
(respectively, semistable).
For a parabolic subgroup P ⊂ G its unipotent radical will be denoted by Ru(P ). So the quotient group
L(P ) := P/Ru(P ),
which is called the Levi quotient, is reductive. If we fix a maximal compact subgroup K ⊂ G and denote
by L the complex connected Lie subgroup of P generated by K ∩ P , then the natural projection from L
to L(P ) is an isomorphism. By fixing a maximal compact subgroup of G the quotient group L(P ) will
also be considered as a subgroup of P .
Let EP ⊂ EG be a reduction of structure group of a holomorphic G-bundle EG to a parabolic subgroup
P ⊂ G. This reduction is called admissible if for every character χ of P trivial on the center of G the
associated line bundle E (χ) over M is of degree zero.P
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morphic reduction of structure group EL(P) ⊂ EG over M of EG to the Levi subgroup L(P ) ⊂ G such
that
(1) the L(P )-bundle EL(P) is stable, and
(2) the principal P -bundle obtained by extending the structure group of EL(P) to P (by using the inclu-
sion of L(P ) in P ) is an admissible reduction of structure group of EG to P .
Again, a holomorphic principal GL(n,C)-bundle over M is polystable if and only if the associated
vector bundle of rank n is polystable.
Fix a maximal compact subgroup
(2.2)K ⊂ G
of the reductive group G. For any smooth reduction of structure group EK ⊂ EG of a holomorphic
G-bundle EG to the subgroup K there is a unique connection ∇ on EK such that the connection on
EG induced by ∇ is compatible with the holomorphic structure (see [1, p. 220] for the details). The
connection on EG induced by ∇ is called the Chern connection.
A connection ∇G on a holomorphic G-bundle EG is called a complex unitary connection if there is a
smooth reduction of structure group EK ⊂ EG such that ∇G coincides with the Chern connection for the
reduction.
Let Λω denote the adjoint of the multiplication of differential forms by the Kähler form ω. So Λω
sends a smooth form on M of Hodge type (p, q) to a differential form of Hodge type (p − 1, q − 1).
Let g denote the Lie algebra of G. The center of g will be denoted by z(g). For any holomorphic
G-bundle EG over M , let
ad(EG) := (EG × g)/G
be the adjoint bundle; the action of any g ∈ G sends a point (z, v) ∈ EG × g to (zg, ad(g−1)v). Since G
acts trivially on the center z(g), we have
(2.3)z(g) ⊂ H 0(M, ad(EG)).
A connection ∇G on a holomorphic G-bundle EG is called an Einstein–Hermitian connection if
(1) ∇G is a complex unitary connection, and
(2) there is an element v ∈ z(g) such that
ΛωΩ(∇G) = v
using (2.3), where Ω(∇G) is the curvature of ∇G.
See [5, p. 24, Definition 1], [1, p. 220, Definition 3.2].
Note that the curvature Ω(∇G) is a C∞ differential form on M of Hodge type (1,1) with values in
ad(EG).
A holomorphic G-bundle EG admits an Einstein–Hermitian connection if and only if EG is polystable.
Furthermore, a polystable G-bundle admits a unique Einstein–Hermitian connection [1, p. 208, Theo-
rem 0.1]. When M is a complex projective manifold with ω representing a rational cohomology class, this
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connection on a polystable vector bundle over M was established in [7].
3. Construction of reduction of structure group
Let EG be a polystable principal G-bundle over M . Let ∇G denote the (unique) Einstein–Hermitian
connection on EG. Fix a smooth reduction of structure group
(3.1)EK ⊂ EG
to the maximal compact subgroup K in (2.2) such that corresponding Chern connection is the Einstein–
Hermitian connection ∇G. It should be clarified that although the Einstein–Hermitian connection is
unique, the reduction of structure group to K giving the Einstein–Hermitian connection is not unique in
general. If EG is stable with G semisimple, then the reduction is unique; on the other hand, an Einstein–
Hermitian metric on a stable vector bundle can be scaled by a globally constant scalar to get a new
Einstein–Hermitian metric. The connection on EK will be denoted by ∇K ; so ∇K induces ∇G.
Fix a point
x0 ∈ M
and fix a point
(3.2)z0 ∈ (EK)x0
in the fiber over x0 of the K-bundle in (3.1). By a based path in M we will mean a piecewise smooth
continuous map
γ : [0,1] → M
such that γ (0) = x0. So γ is continuous and there are finitely many points 0 = t0 < t1 < · · · < tn(γ ) = 1
depending on γ such that γ is smooth in each closed interval [ti−1, ti], i ∈ [1, tn(γ )].
Let p denote the projection of EK to M . Given a based path γ , there is a unique piecewise smooth
continuous map
(3.3)γˆ : [0,1] → M
such that
(1) γˆ (0) = z0 with z0 is as in (3.2),
(2) p ◦ γˆ = γ , and
(3) the curve γˆ is horizontal with respect to the connection ∇K on EK .
We recall that a horizontal path γˆ has the property that for each t ∈ [0,1] both the left derivative and the
right derivative of γˆ at t are in the horizontal subspace in Tγˆ (t)EK for the connection ∇K on EK .
Let C denote the collection of based paths in M . Define the subset
(3.4)S := {γˆ (1)}
γ∈C ⊂ EK ⊂ EG.
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associates the horizontal subspace in the tangent space TzEK for ∇K . This distribution is not in general
integrable. In fact, it is integrable if and only if the curvature of ∇K vanishes identically. The subset
S defined in (3.4) coincides with the set of all points in EK that can be reached, starting from z0, by
continuous piecewise smooth curves lying in the distribution.
The fixed point z0 ∈ EK over x0 identifies the fiber (EK)x0 (respectively, (EG)x0 ) with K (respec-
tively, G). The identification sends any h ∈ K (respectively, g ∈ G) to the point z0h (respectively, z0g).
Set
(3.5)KE := S ∩ (EK)x0 ⊂ (EK)x0 = K,
where the identification (EK)x0 = K is constructed as above using z0, and S is defined in (3.4).
Lemma 3.1. The subset KE ⊂ K defined in (3.5) is a subgroup.
For any point x ∈ M , the group KE acts transitively on S ∩ (EK)x ⊂ (EK)x (for the natural action of
K on (EK)x).
Proof. Given two based paths γ1 and γ2 on M with γ1(1) = x0 = γ2(1), we can compose, and normalize
to have a map from [0,1], to get a based path γ ′ = γ1 ◦ γ2 with γ ′(1) = x0. Since the horizontal lift of γ ′
is the composition of the horizontal lifts of γ1 and γ2, and the horizontal lift of the reverse path for γ1 is
the reverse path for the horizontal lift of γ1, it follows immediately that KE is a subgroup of K .
Take any point x ∈ M . Given a based paths γ with γ (1) = x, we can pre-compose it with the above
path γ1 to get a path γ ◦γ1 with γ ◦γ1(1) = x. Since horizontal lifts are compatible with this composition
operation, it follows that the subset S ∩ (EK)x ⊂ (EK)x is preserved by the subgroup KE ⊂ K for the
action of K on (EK)x . This action of KE on S ∩ (EK)x is transitive, as for any two based paths γ ′ and
γ ′′ with γ ′(1) = x = γ ′′(1) we have γ ′′ = γ ′ ◦ ((γ ′)−1 ◦ γ ′′). This completes the proof of the lemma. 
Let
(3.6)
KE ⊂ K
be the topological closure of the subgroup KE of K constructed in (3.5). So 
KE is a Lie subgroup of K .
Note that 
KE is also the topological closure of KE in G.
Set
(3.7)E
KE := S 
KE ⊂ EK,
where S is defined in (3.4); here S 
KE is the translation of S by 
KE for the action of K on EK .
Lemma 3.2. The subset E
KE ⊂ EK defined in (3.7) is a smooth reduction of structure group of the
principal K-bundle EK to the subgroup 
KE ⊂ K .
Proof. We need to show that E
KE is a submanifold of EK and the projection of E
KE to M makes it a
fiber bundle with 
KE acting transitively on each fiber of E
KE .
Take any point x ∈ M . We will show that x contains an open neighborhood that admits a smooth
section of EK which lies in S . Let D denote the open unit ball in Cd . Let
φ :D → U ⊂ M
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γ (1) = x. For each point y ∈ U , let γy be the based path in M obtained by composing γ with the radial
line connecting x with y. The radial line is the image, under φ, of the radial line in the ball D connecting
0 with φ−1(y). So we have φy(1) = y. Let
s :U → EK
be the section defined as follows: for any y ∈ U consider the unique horizontal lift, call it γˆy , of the path
γy with γˆy(0) = z0; the map s sends y to the end point γˆy(1).
It is easy to see that s is a smooth section of EK over U . From its construction it is immediate that the
image of s in contained in the subset S defined in (3.4).
Recall that the topological closure 
KE (of KE ⊂ K) is a Lie subgroup of K . Therefore, the fact that
KE acts transitively on S ∩ (EK)x for each x ∈ M (see Lemma 3.1) and the existence of a local smooth
section s of S constructed above together imply that E
KE is a smooth subbundle of the fiber bundle EK
over M . It also follows for the same reason that 
KE acts transitively on each fiber of E
KE . This completes
the proof of the lemma. 
Lemmas 3.1 and 3.2 together have the following corollary:
Corollary 3.3. For each point x ∈ M , the fiber (E
KE)x := E
KE ∩ (EK)x over x, of E
KE defined in (3.7),
is the topological closure of S ∩ (EK)x ⊂ (EK)x .
The subset E
KE ⊂ EK is the topological closure of S .
The first assertion in the above corollary follows from Lemma 3.1 and the second assertion follows
from Lemma 3.2.
Let
(3.8)
KCE ⊂ G
be the Zariski closure, in G, of the subgroup 
KE . Since 
KE is a subgroup of a compact subgroup,
namely K , of G, it follows that the complex group 
KCE is reductive. It also follows that 
KCE is identified
with the complex Lie subgroup of G generated by 
KE .
Since 
KE ⊂ 
KCE ⊂ G, we have the following corollary of Lemma 3.2.
Corollary 3.4. The subset
E
KCE := E
KE 
KCE = S 
KCE ⊂ EG
is a smooth reduction of structure group to 
KCE of the G-bundle EG, where E
KE and 
KCE are defined in
(3.7) and (3.8) respectively (as before, S 
KCE is the translation of S by 
KCE for the action of G on EG).
Note that since 
KE ⊂ 
KCE it follows immediately from the definition of E
KE in (3.7) that E
KE 
KCE =
S 
KCE .
Proposition 3.5. The 
KE-bundle E
KE ⊂ EK constructed in Lemma 3.2 is preserved by the connection∇K on E . In other words, there is a (unique) connection on E that induces the connection ∇K on E .K 
KE K
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KCE -bundle E
KCE ⊂ EG in
Corollary 3.4. The smooth reduction of structure group E
KCE in Corollary 3.4 is actually a holomorphic
reduction of structure group.
Proof. Take any smooth map γ : [0,1] → M and take a point z ∈ (EK)γ (0) ∩ S , where S is defined in
(3.4). Let
γˆ : [0,1] → EK
be the (unique) horizontal lift, for the connection ∇K , of γ with γˆ (0) = z. From the construction of S it
follows that the curve γˆ is contained in the subset S ⊂ EK .
Since E
KE is the topological closure of S (see Corollary 3.3), it follows from the above observation
that if γ˜ is a horizontal lift, for the connection ∇K , of γ with
γ˜ (0) ∈ (E
KE)γ (0) ⊂ (EK)γ (0),
then the curve γ˜ is contained in E
KE . This immediately implies that for any point z ∈ E
KE , the tangent
subspace
TzE
KE ⊂ TzEK
contains the horizontal subspace in TzEK for the connection ∇K on EK . Consequently, ∇K is induced
by a connection on the principal 
KE-bundle E
KE .
Let ∇ 
KE denote the connection on the principal 
KE-bundle E
KE that induces the connection ∇K
on EK . Note that the smooth 
KCE -bundle E
KCE is obtained by extending the structure group of the principal
KE-bundle E
KE using the inclusion of 
KE in 
KCE . Let ∇ 
K
C
E be the connection on E
KCE induced by ∇

KE
.
Since ∇ 
KE induces ∇K on EK , and ∇K induces ∇G on EG, it follows that ∇ 
KCE induces the connection
∇G on EG.
As the connection ∇G on EG is a complex connection (see [1, p. 220, Definition 3.1]), and ∇G is
induced by a connection on the smooth principal bundle E
KCE ⊂ EG whose structure group is a complex
Lie subgroup of G, it follows that E
KCE a holomorphic principal bundle with the holomorphic structure
induced by the holomorphic structure of EG. Indeed, for any point z ∈ EG, the almost complex structure
on the tangent space at z is given by the direct sum of the almost complex structures on the horizontal
tangent space at z (for the connection ∇G) and the vertical tangent space at z; since the horizontal tangent
space is identified with the tangent space of M , it has an induced almost complex structure. Now, if
z ∈ E
KCE , then the horizontal tangent space at z is contained in the tangent space of E
KCE at z. Therefore,
the tangent space of E
KCE at z is closed under the almost complex structure on the tangent space of EG.Consequently, E
KCE has a natural holomorphic structure induced by that of EG. This completes the proof
of the proposition. 
If we replace the base point z0 in (3.2) by z′0 := z0g0, where g0 ∈ K , in the construction of S (con-
structed in (3.4)), then we get S ′ = Sg0. The subgroup KE of K (constructed in (3.5)) gets replaced by
its conjugate g−10 KEg0. Therefore, 
KE constructed in (3.6) gets replaced by g−10 
KEg0. Similarly, 
KCE
constructed in (3.8) gets replaced by g−10 
KCEg0. Now it is easy to see that the principal bundle E
KE (re-
spectively, E
KCE ) in Lemma 3.2 (respectively, Corollary 3.4) gets replaced by the principal bundle definedby the submanifold E g (respectively, E Cg ) of E .
KE 0 
KE 0 G
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As before, EG is a polystable principal G-bundle over M .
Let H be a connected reductive linear algebraic group over C and
(4.1)ρ :G → H
an algebraic homomorphism. Let Z0(G) (respectively, Z0(H)) denote the connected component of the
center of G (respectively, H ) containing the identity element.
Let EH be the holomorphic principal H -bundle as in (2.1) obtained by extending the structure group
of EG using ρ.
Theorem 4.1. Assume that ρ in (4.1) satisfies the condition ρ(Z0(G)) ⊂ Z0(H). If the reductive subgroup
KCE ⊂ G constructed in (3.8) has the property that there is no proper parabolic subgroup of H that
contains ρ(
KCE), then the principal H -bundle EH is stable.
Proof. Since EG is polystable and ρ(Z0(G)) ⊂ Z0(H), we conclude that the H -bundle EH is polystable
[1, p. 208, Theorem 0.2]. In fact, the Einstein–Hermitian connection on EH coincides with the one
induced by the Einstein–Hermitian connection ∇G on EG [1, p. 220, Lemma 3.3]. Let ∇H denote the
Einstein–Hermitian connection on EH , which, as we noted, is induced by ∇G.
Consider that map EG → EG × H defined by z → (z, e), where e ∈ H is the identity element. Com-
position of this map with the quotient map
EG × H → (EG × H)/G =: EH
in (2.1) yields a holomorphic map
(4.2)ψ :EG → EH .
Set
z′0 := ψ(z0) ∈ EH,
where z0 is the base point fixed in (3.2).
For any based path γ in M , if γˆ is the lift of γ (as in (3.3)) originating from z0, then φ(γˆ ) is the
unique horizontal lift of γ , with respect to the Einstein–Hermitian connection ∇H on EH , that originates
from z′0. Indeed, this is an immediate consequence of the earlier mentioned fact that ∇G induces ∇H .
Let
(4.3)KEH ⊂ H
be the subgroup obtained by replacing (EG,∇G, z0) in the construction of the subgroup KE (done in (3.5)
and Lemma 3.1) by (EH ,∇H , z′0). The above observation that the horizontal lift of γ for the connection∇H is the image, under ψ (in (4.2)), of the horizontal lift of γ for ∇G implies that
(4.4)ρ(KE) = KEH ,
where ρ is the homomorphism in (4.1).
Let

KC ⊂ HEH
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KCE done
in (3.8). So 
KCEH is the complex subgroup of H generated by the topological closure of the subgroup
KEH ⊂ H . From (4.4) it follows immediately that
ρ(
KCE) = 
KCEH ⊂ H.
Now assume that the polystable principal H -bundle EH is not stable. So there is a proper parabolic
subgroup P  H such that EH admits a reduction of structure group
EL(P) ⊂ EH
to the Levi factor L(P ) of P . The principal L(P )-bundle EL(P) is stable (see the definition of polysta-
bility in Section 2).
Let KH be a maximal compact subgroup of H containing ρ(K), where ρ and K are defined in (4.1)
and (2.2) respectively. Take the Levi subgroup L(P ) to be the connected complex Lie subgroup of P
generated by KH ∩ P . In that case, the intersection
(4.5)K(L) := KH ∩ L(P ) = KH ∩ P
becomes a maximal compact subgroup of the reductive group L(P ).
Let ∇L(P ) denote the unique Einstein–Hermitian connection on the stable L(P )-bundle EL(P). The
Einstein–Hermitian connection ∇H on EH coincides with the one induced by the connection ∇L(P ) on
EL(P). Fix a smooth reduction of structure group
EK(L) ⊂ EL(P)
of EL(P) to the maximal compact subgroup K(L) ⊂ L(P ) (constructed in (4.5)) such that the Chern
connection on EL(P) corresponding to this reduction EK(L) coincides with the Einstein–Hermitian con-
nection ∇L(P ) on EL(P).
Let EKH denote the smooth principal KH -bundle obtained by extending the structure group of EK(L)
using the inclusion of K(L) in KH (see (4.5)). Since EK(L) is a reduction of structure group to K(L) of
the principal H -bundle EH (recall that EL(P) is a reduction of EH and EK(L) is a reduction of EL(P)), the
principal KH -bundle EKH is a smooth reduction of structure group (to KH ) of the principal H -bundle
EH .
As the Einstein–Hermitian connection ∇H on the H -bundle EH is induced by the Einstein–Hermitian
connection ∇L(P ) on EL(P), it follows immediately that the Chern connection on EH corresponding to the
above reduction of structure group EKH ⊂ EH to the maximal compact subgroup KH ⊂ H coincides with
the Einstein–Hermitian connection ∇H on EH (recall that the Chern connection on EL(P) corresponding
the reduction EK(L) ⊂ EL(P) of structure group to K(L) is the Einstein–Hermitian connection on EL(P)).
Now from the construction of KEH in (4.3) it follows that there is an element h0 ∈ KH such that
(4.6)h−10 KEH h0 ⊂ K(L)
(as it was shown at the end of Section 3 that a change of the base point z0 results inner conjugation).
From (4.6) and (4.4) we have
h−10 ρ(
KE)h0 ⊂ K(L) ⊂ L(H) ⊂ P
(recall that 
KE is the topological closure of KE). Since 
KCE is the complex Lie subgroup of G generated
by 
K (the algebraic group 
KC is the Zariski closure of 
K in G), the above inclusion immediatelyE E E
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h−10 ρ(
KCE)h0 ⊂ P.
In other words, the image ρ(
KCE) is contained in the proper parabolic subgroup h0Ph−10 of H . This
contradicts the given condition in the statement of the theorem that there is no proper parabolic subgroup
of H that contains ρ(
KCE). Therefore, the principal H -bundle EH is stable. This completes the proof of
the theorem. 
Theorem 4.1 has the following corollary:
Corollary 4.2. If 
KCE = G and the image ρ(G) is not contained in any proper parabolic subgroup of H ,
then EH is stable. In particular, if EG does not admit any holomorphic reduction of structure group to
any proper reductive subgroup of G, and ρ(G) is not contained in any proper parabolic subgroup of H ,
then EH is stable.
Note that if EG does not admit any holomorphic reduction of structure group to any proper reductive
subgroup of G, then 
KCE = G.
Set G = Sp(2n,C). Let ESp be a stable principal Sp(2n,C)-bundle over M such that 
KCE = Sp(2n,C).
Take ρ in (4.1) to be the inclusion of Sp(2n,C) in GL(2n,C). From Corollary 4.2 it follows that the un-
derlying vector bundle for the symplectic bundle defined by ESp is stable (it is easy to see that Sp(2n,C)
is not contained in any proper parabolic subgroup of GL(2n,C)).
Similarly, take G = SO(n,C), and let ESO be a principal SO(n,C)-bundle with 
KCE = SO(n,C). Then
the underlying vector bundle for the orthogonal bundle defined by ESO is stable.
Take M to be a compact Riemann surface of genus at least two. Fix a surjective homomorphism τ from
the fundamental group π1(M,x0) to the free group F2 of two generators. A general homomorphism from
F2 to U(n) has a dense image [6, p. 198, Lemma 3.1]. Let EU be the flat U(n)-bundle corresponding to
the composition homomorphism
π1(M,x0)
τ−→ F2 γ−→ U(n),
where γ is a homomorphism with a dense image. Let EGL be the holomorphic GL(n,C)-bundle de-
fined by the flat bundle EU . So the subgroup 
KCE ⊂ GL(n,C) for EGL coincides with U(n) (here
G = GL(n,C)). For any irreducible homomorphism
β : GL(n,C) → GL(V ),
consider the associated vector bundle EV = (EGL × V )/GL(n,C). Corollary 4.2 says that the vector
bundle EV associated to EGL for β is stable.
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